This paper proposed a finite time convergence global sliding mode control scheme for the second-order multiple models control system. Firstly, the global sliding surface without reaching law for a single model control system is designed and the tracking error finite time convergence and global stability are proved. Secondly, we generalize the above scheme to the second-order multimodel control system and obtain the global sliding mode control law. Then, the convergent and stable performances of the closed-loop control system with multimodel controllers are proved. Finally, a simulation example shows that the proposed control scheme is more effective and useful compared with the traditional sliding mode control scheme.
Introduction
Many control systems work in complicated conditions in reality and are faced with the uncertainty brought by parameter variety [1, 2] . For instance, the controller of hypersonic vehicle works in complicated environment caused by fast speed [3] [4] [5] [6] . Furthermore, the controller demands highly robustness to uncertainty due to the varying parameters brought by large envelope, hypersonic velocity, and strong coupling [7] [8] [9] . Approximating control system via multimodel is one scheme to reduce uncertainty. Many control schemes, such as adaptive control [10] , variable structure control [11] , and robust control [12] were applied to the multimodel system.
Sliding mode control (SMC) [13] [14] [15] [16] [17] has gained widely spread due to its characteristics of robustness to uncertainties. However, the chattering problem and matching condition (the relative degree of the sliding system must be 1) limit its applications in practice [18] .
In order to attenuate the chattering effect, a high-order sliding mode control (HOSMC) [19] scheme was proposed and the controller obtained less chattering and finite time convergence performances. Nevertheless, designing the controller based on HOSMC for multimodel is a heavy work.
Particularly, slow reaction and convergence, poor transient response, and unstable system behaviours always occur at the switching instant between submodels due to the parameters' boundary changes or large external disturbance [20] . Thus, the robustness to the switching instant is more important for the overall closed-loop control system. However, the robustness of SMC and HOSMC is meaningful only in the sliding phase [18] , which means that the reaching phase reduces the robust performance of the closed-loop system [21] .
Choi Seung-Bok [22] presented a time-varying sliding surface for second-order system and reduces the reaching phase. Chang and Hurmuzlu [23] improved the time-varying sliding surface and designed a new sliding control scheme without reaching phase. The global sliding mode control (GSMC) [24] [25] [26] [27] [28] has been proposed and ensures the existence of sliding mode throughout the entire control response. Furthermore, for multimodel control problem, GSMC can ensure that state variables move along the surface and reduce the convergence time at switching instant due to eliminating reaching phase. It is robust to matched perturbations in both sliding phase and switching instant. Thus, the GSMC has advantages on finite time convergence for multimodel control problem.
Mathematical Problems in Engineering
In this paper, the GSMC is introduced to design a controller for the second-order multimodel system. The paper is organized as follows: Section 2 states the multimodel control problem. In Section 3, the GSMC is derived and the closed-loop control system finite time convergence and global stability in both single model and multimodel are proved. The performance of GSMC controller is verified via computer simulations compared with SMC in Section 4.
Problem Statement
Suppose that a nonlinear system can be linearization at a series of feature points as second-order multimodel systems with uncertainties and one of the submodels is described by [30] ̈+
Then the second-order systems constitute the multimodel to approximate the original nonlinear system and can be expressed as
where
∈ R, ( ) and ( ) are continuous sufficiently smooth functions, respectively, and ( ) ̸ = 0; ( ) is the disturbance with boundary ‖ ( )‖ ≤ . The purpose is to design a valid control scheme that can achieve fast stable control performance for each model and be robust to the switching instant.
Particularly, the switching between submodels discussed here is in order. For instance, the flight control system of aircraft can be approximated by some submodels that divided by height range and when the height changes from the range of one submodel to another, the submodel switches. As height changes continuously, the multimodel switches in order. Thus, it is assumed that the multimodel switches in order with state changing and the switching order is → +1 . Furthermore, the multimodel can be rewritten as
where initial and terminal are the initial and terminal state value of the th submodel corresponding range.
Global Sliding Mode Control

Single Model Control
. Considering a single model expressed as
we design the global sliding surface as
in which = − is the track error. is the reference command signal. Obviously, due to the additional time-varying term ( ) in (5), the global sliding surface can ensure that the state of the closed-loop control system moves along the sliding surface from the beginning. Thus, there is no need for reaching law.
Lyapunov Stability Analysis.
According to the equivalent control method, leṫ= 0 and, then, we obtain the following equation:
Substitute (4) into (6), the control law is solved as
where = −̈−̇, = const. > 0 and > −2 . is the supremum of ( ). Additionally, without ambiguity we take , , and as brief form for ( ), ( ), and ( ), respectively. To prove the stability of the control scheme, we define the Lyapunov function as = (1/2) 2 and the derivativėiṡ
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If > 0,̇=̇= − − . The derivative satisfieṡ < 0 because of | | < and > 0. If < 0,̇=̇= + + , and with the same parameter conditions the derivative satisfieṡ< 0. Therefore, the closed-loop control system based on GSMC is globally stable.
Finite Time Convergence Analysis.
Consider the sliding mode system (5) and rewrite it as
where ( ) = [(0)+ (0)] exp(− ). To prove that the sliding mode system (9) is convergent in finite time, we can solve the equation = 0 to obtain the convergence time .
According to [31] , it is a kind of Bernoulli equation, and ( ) is given by
where is an arbitrary constant.
To obtain the convergence time , take the natural logarithm of both sides in (11) and is
Obviously, the parameters in (12) must satisfy the following constraints: ̸ = , ̸ = 0, ̸ = 0, and / ( − ) > 1. In particular, is closely related to the parameters , , and .
reduces with the increasing of − . What is more, the value of ln( / ( − )) is not large due to the character of the function = ln , and, for example, ln10 10 ≈ 23.03. Therefore, with reasonable design value of − , the convergence time is finite.
Multiple Models Control.
In the following section, we will discuss multimodel controller design based on the GSMC. 
. . .
Then, we design the corresponding control law 1 , 2 , . . . , , . . . ,
wherėis short for the derivative of ( ) = exp[− ( − )] and = [( )+ ( )], = −̈−̇. Additionally, the time 0 = 1 < 2 < ⋅ ⋅ ⋅ < < ⋅ ⋅ ⋅ < represents switching instants. The other parameters are the same as mentioned before.
Therefore, the controller for a multiple model control system is expressed as follows:
. . . 
Lyapunov Stability Analysis. For each model in 2, the
Lyapunov function is defined as = (1/2) 2 and the process of proving the Lyapunov stability is the same as Section 3.1.1. We can obtain the resulṫ< 0, which means the multimodel closed-loop control system based on GSMC is globally stable.
Finite Time Convergence Analysis. Suppose that and
+1 are the switching instants where surface switches from −1 to and to +1 , respectively. Thus, the time state variable moving along the sliding surface to switching instant is , +1 = +1 − . According to (11) , the state variable at switching instant +1 is expressed as
Furthermore, let = − ( +1 − ) , in which is an undetermined parameter. Then, substitute it into (17)
From (12) we can easily obtain that the time , +1 is
Thus, the parameter satisfies the following equation:
Obviously, the solution of (21) exists. Similarly, the time that the state variable moves along other sliding surfaces can be calculated. Suppose that the last sliding surface is and its finite convergence time is = (1/( − )) ln( / ( − )). Thus, the finite convergence time for the multimodel control is expressed as
where satisfies (21) . Particularly, because all the sliding surfaces may not be ergodic, the real convergence time should be expressed as follows:
Numerical Example and Simulation
Numerical example will be provided in the following section to verify the control performance of proposed GSMC method. Suppose that the nonlinear system is approximated by three second-order systems expressed as The switch instant from models A to B occurs at 2s and it is 5s from models B to C. The initial states are [ /6, 0] and the states at two switching instants are ( ,̇) = (0.03, −0.2) and ( ,̇) = (0.01, 0.1), respectively. The command signal is = 0.5 sin(2 ). The parameters of the sliding surface are = 10, = 100, = 10, = 100, = 0.1, and = 100. The simulation results are shown in Figures 2-8 .
Furthermore, we take the method and model in [29] as a comparison to show the advantage of GSMC.
The system is expressed as follows:
Mathematical Problems in Engineering Then, we set the switching instants and parameters of multiple models as [29] given and list them in Table 1 .
Using GSMC, the controller is designed as follows:
Then, we obtain the simulation results in Figures 9 and 10 . From Figures 2-8 , the results show that the output tracks are fast and accurate. The sliding dynamic converges fast as shown in Figure 4 . What is more, it converges to 0 at switching instants immediately when the saltation occurs. From the phase trajectory in Figures 5-8 we can conclude that the error state ( ,) moves along the sliding surfaces to the equilibrium point. At the two switching instants, the GSMC steers ( ,) to the next surface both within two steps (0.02s in simulation). Thus, the validity and effectiveness of GSMC for multiple models are verified.
Furthermore, compared with the multimodel robust control method of [29] in Figures 9 and 10 , the convergence characteristic of GSMC provides fast stability at switch instants, which increases the robust to the system mutation. 
Conclusion
In this paper, a global sliding mode control method for second-order multimodel system was proposed. The Lyapunov stability and finite time convergence for both single model and multiple model were proved. Finally, the feasibility and effectiveness of the proposed control method were verified through a numerical simulation. The simulation results conclude that the control law based on GSMC is effective for the multimodel control problem. And also, the closed-loop control system output can track the command signal fast and accurately. Compared with another multimodel control method in [29] , GSMC provides faster convergence at switching instants and promotes the global robust performance of the controller.
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